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NON-ARCHIMEDEAN AND TROPICAL THETA FUNCTIONS
TYLER FOSTER, JOSEPH RABINOFF, FARBOD SHOKRIEH, AND ALEJANDRO SOTO
ABSTRACT. We define a tropicalization procedure for theta functions on abelian varieties
over a non-Archimedean field. We show that the tropicalization of a non-Archimedean
theta function is a tropical theta function, and that the tropicalization of a non-Archime-
dean Riemann theta function is a tropical Riemann theta function, up to scaling and an
additive constant. We apply these results to the construction of rational functions with
prescribed behavior on the skeleton of a principally polarized abelian variety. We work
with the Raynaud–Bosch–Lütkebohmert theory of non-Archimedean theta functions for
abelian varieties with semi-abelian reduction.
1. INTRODUCTION
Let K be a nontrivially valued, complete, algebraically closed, non-Archimedean field.
Let A be an abelian variety over K . Suppose for the moment that A is principally polar-
ized with totally degenerate reduction. In this case, the non-Archimedean uniformization
theory of A essentially amounts to a finitely generated, free abelian group M , and a sym-
metric pairing t( · , · ) : M × M → K×, such that − log |t | is positive-definite. This pairing
defines a homomorphism from M to the torus T = SpecK[M] by the rule ι : u 7→ xu,
where xu(χ
u′) = t(u,u′). (Here χu
′
: T→ Gm is the character corresponding to u′ ∈ M).
Then the Berkovich analytification Aan is canonically isomorphic to the quotient Tan/ι(M).
In this setting, a (non-Archimedean) Riemann theta function for A is the analytic function
f : Tan → A1,an given by the convergent power series
(*) f =
∑
u∈M
Æ
t(u,u)χu
with respect to some choice of
p
t.
Berkovich [Ber90] showed that the analytification Aan contains a canonical subset Σ,
called a skeleton, onto which it deformation retracts. This skeleton is a tropical abelian
variety (Definition 2.6, Proposition 4.7): it is a real torus with an integral structure that
admits a “polarization”. A principal polarization of A induces a principal polarization of
Σ, in which case Σ amounts to the data of a finitely generated, free abelian group M
equipped with a positive-definite, symmetric bilinear pairing [ · , · ] : M × M → R. This
pairing defines an injective homomorphism ι : M → NR = Hom(M ,R) by ι(u) = (u′ 7→
[u,u′]); the real torus in question is Σ = NR/ι(M). The tropical Riemann theta function
for Σ is the piecewise linear function ϕ : NR → R defined by the formula
(**) ϕ(v) =min
u∈M

1
2[u,u] + 〈u, v〉
	
,
where 〈 · , · 〉 : M ×NR → R is the evaluation pairing.
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In this paper, we make the obvious analogy between (*) and (**) into a precise rela-
tionship. We do not assume A is principally polarized, and more importantly, we allow A
to have arbitrary mixed reduction type. It is still true that Aan admits a canonical skeleton
Σ= NR/M
′, which is a tropical abelian variety, but the theory of non-Archimedean theta
functions in this case is very much more technical. We define a tropicalization procedure
f 7→ ftrop, which takes a theta function f on Aan and produces a piecewise-linear function
ftrop : NR → R. We prove the following results:
Theorem A. The tropicalization of a non-Archimedean theta function is a tropical theta
function.
See Definition 2.8 for the definition of a general tropical theta function, and see The-
orem 4.10 for a precise statement of Theorem A.
Theorem B. If f is the Riemann theta function associated to a principal polarization of A,
then ftrop is the tropical Riemann theta function associated to the induced principal polar-
ization of Σ, up to translation and an additive constant.
See Theorem 4.13 for a precise statement.
The main interest in Theorems A and B is to construct rational functions on A with a
prescribed behavior on Σ. Given a nonzero rational function f on A, one can simply re-
strict − log | f | to Σ, to obtain a piecewise linear function ftrop : Σ→ R. Let ( f1, . . . , fn) be
a tuple of rational functions, and let f : A ¹¹Ë Gn
m
be the rational map ( f1, . . . , fn). Com-
posing with the tropicalizationmap trop: Gn,an
m
→ Rn, defined on points by (x1, . . . , xn) 7→
−(log |x1|, . . . , log |xn|), gives a partially-defined function Aan → Rn. The restriction of this
function to Σ is the function ftrop : Σ → Rn given by ftrop(x) = ( f1,trop(x), . . . , fn,trop(x)).
Careful construction of ( f1, . . . , fn) yields a map ftrop with nice properties (for example,
unimodularity); this is the subject of future work of the authors.
In order to allow such constructions, we prove the following result.
Theorem C. Let ϕ1,ϕ2 be tropical theta functions for Σ with the same automorphy factor.
Suppose that ϕ1 and ϕ2 are tropicalizations of non-Archimedean theta functions. Then
ϕ1 −ϕ2 : Σ→ R is the tropicalization of a nonzero rational function on A.
See Theorem 5.2 for a precise statement. In §5 we give concrete examples of construc-
tions of rational functions on A using Theorem C.
1.1. Notation. The following notations are used throughout the paper. We let K de-
note an algebraically closed field which is complete with respect to a nontrivial, non-
Archimedean absolute value | · |. Let val = − log | · | denote a corresponding valuation,
R the ring of integers of K , and k its (algebraically closed) residue field.
We will generally use M for a finitely-generated, free abelian group; we denote its
dual by N = Hom(M ,Z), and we set NR = Hom(M ,R) = N ⊗Z R. The evaluation pair-
ing is denoted 〈 · , · 〉 : M × NR → R. The monoid ring on M ∼= Zn is written K[M] ∼=
K[T±11 , . . . , T
±1
n
], and the character on Spec(K[M]) corresponding to u ∈ M is written
χu ∈ K[M].
If X is a finitely-type K-scheme, we denote by X an its analytification in the sense of
Berkovich [Ber90]. For x ∈ X an we let H (x) denote the completed residue field at x .
This is a complete valued field extension of K with valuation ringH (x)◦.
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Let L be a line bundle on a K-scheme X and let x ∈ X (K) be a K-point. The x -fiber of
L is denoted Lx , and the constant line bundle on Lx is L(x) := Lx × X .
The special and generic fibers of an R-scheme X are denoted Xs and Xη, respectively.
Let A be an abelian variety. The dual of A is denoted A′, and if ϕ : A → B is a ho-
momorphism of abelian varieties then its dual is denoted ϕ′ : B′ → A′. For x ∈ A(K)
we let Tx : A → A be translation by x . A line bundle L on A determines a symmetric
homomorphism ϕL : A→ A′ defined on points by x 7→ T ∗x L ⊗ L−1.
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2. TROPICAL ABELIAN VARIETIES AND TROPICAL THETA FUNCTIONS
In this section we fix our notions regarding real tori with integral structure, tropical
abelian varieties, and tropical theta functions. We define the tropical Riemann theta
function associated to a principally polarized tropical abelian variety.
2.1. Real tori with integral structure. We begin by defining real tori with integral struc-
ture, a weaker notion than a tropical abelian variety which is sufficient to define piecewise
linear functions.
Definition 2.2. Let N be a finitely generated, free abelian group, let NR = N⊗ZR, and let
Λ ⊂ NR be a (full rank) lattice. The quotient Σ= NR/Λ is called a real torus with integral
structure.
The “integral structure” in Σ is the choice of lattice N ⊂ NR, which need not coincide
with the quotient lattice Λ.
Definition 2.3. Let N ,N ′ be finitely generated, free abelian groups and let NR = N ⊗Z R
and N ′
R
= N ′⊗ZR. LetΛ ⊂ NR be a lattice and letΣ= NR/Λ, with quotient homomorphism
π : NR → Σ.
(1) A homomorphism ϕ : NR → N ′R is integral affine provided that ϕ =ψR+ v, where
ψ : N → N ′ is a homomorphism,ψR is the extension of scalars of ψ, and v ∈ N ′R.
(2) A continuous function ϕ : NR → N ′R is piecewise integral affine provided that NR
can be covered by full-dimensional polyhedra ∆ such that ϕ|∆ is integral affine.
(3) A continuous function ϕ : Σ → N ′
R
is piecewise integral affine provided that the
composition ϕ = ϕ ◦π is piecewise integral affine.
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We say that a function ϕ from NR or Σ to R
r has one of the above properties if it has that
property with respect to the integral structure N ′ = Zr ⊂ Rr .
Some of the functions ϕ : Σ→ N ′
R
arising in the sequel will be symmetric with respect
to negation, so we make the following definitions.
Definition 2.4. With the notation in Definition 2.3, letϕ : Σ→ N ′
R
be a piecewise integral
affine function. We say that ϕ is Kummer provided that ϕ(x) = ϕ(−x) for all x ∈ Σ.
In other words, a Kummer map ϕ : Σ→ N ′
R
factors through the quotient Σ։ Σ/(−1)
by the negation action.
2.5. Tropical abelian varieties. Now we discuss tropical abelian varieties. These are
real tori with integral structure which admit a polarization, in the sense defined below.
The skeleton of an abelian variety is naturally a tropical abelian variety: see Proposi-
tion 4.7 below. Tropical abelian varieties and tropical theta functions have been im-
plicit in the literature for years; see for instance Mumford [Mum72, Proposition 6.7] and
Faltings–Chai [FC90, Definition 1.5, p.197]. The name “tropical abelian variety” seems
to have been used first in [MZ08].
Definition 2.6. We fix the following data:
(a) Finitely generated free abelian groups M ,M ′ of the same rank.
(b) A nondegenerate pairing [ · , · ] : M ′ ×M → R.
The pairing definesM ′ (resp.M) as a lattice in NR = Hom(M ,R) (resp.N
′
R
= Hom(M ′,R)).
Suppose that there exists λ: M ′→ M such that [ · ,λ( · )] : M ′×M ′→ R is symmetric and
positive-definite. Then the map ϕ : NR → N ′R dual to λ takes M ′ into M via λ. Under
these conditions:
(1) We say that Σ = NR/M
′ is a tropical abelian variety.
(2) The dual of Σ is the tropical abelian variety Σ′ = N ′
R
/M .
(3) The induced homomorphism ϕ : Σ→ Σ′ is called a polarization.
(4) We say that ϕ is a principal polarization if λ is an isomorphism.
The existence of λ here plays the role of Riemann’s period relations, which guarantee
that a complex torus is in fact an algebraic variety. We leave it as an exercise to show that
Σ
′ is in fact a tropical abelian variety. Since N = Hom(M ,Z) is a lattice in NR, a tropical
abelian variety is a real torus with integral structure.
2.7. Tropical theta functions. Finally we are able to define tropical theta functions.
Recall that classically, a theta function is a holomorphic function on a complex vector
space V which is quasi-periodic with respect to a full dimensional lattice in V . The same
is true in the non-archimedean setting. In the tropical side, a tropical theta function will
be defined following the classical counterparts, i.e. as a piecewise linear function on a
real vector space which is quasi-periodic with respect to a lattice. This quasi-periodicity
condition should be thought as the tropical side of the non-archimedean one. This will
made precise in §4.
Definition 2.8. Let Σ= NR/M
′ be a tropical abelian variety, as in Definition 2.6, and let
λ: M ′ → M be a homomorphism definining a polarization. Let c : M ′ → R be a function
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satisfying c(u′1 + u
′
2) − c(u′1) − c(u′2) = [u′1,λ(u′2)] for all u′1,u′2 ∈ M ′. A tropical theta
function with respect to (λ, c) is a piecewise integral affine function ϕ : NR → R satisfying
the transformation law
ϕ(v) = ϕ(v + u′) + c(u′) + 〈λ(u′), v〉
for all u′ ∈ M ′ and v ∈ NR.
Let c be a function as in Definition 2.8. Then u′ 7→ c(u′)− 12[u′,λ(u′)] is a homomor-
phism M ′→ R. In other words, c(u′) differs from 12[u′,λ(u′)] by a homomorphism.
Definition 2.9. With the notation in Definition 2.8, suppose now that λ is an isomor-
phism. The tropical Riemann theta function associated to λ is
ϕ(v) := min
u′∈M ′

1
2[u
′,λ(u′)] + 〈λ(u′), v〉
	
.
The tropical Riemann theta functionϕ is in fact a tropical theta function with respect to
(λ, c) for c(u′) = 12[u
′,λ(u′)]: however, it is not obvious that ϕ is piecewise integral affine
or that it satisfies the stipulated transformation law. This will follow from Theorem 4.10,
but this is not a reasonable proof. See [MZ08] for a full discussion of the tropical Riemann
theta function.
3. NON-ARCHIMEDEAN UNIFORMIZATION AND THETA FUNCTIONS
Recall that K is a complete and algebraically closed non-Archimedean valued field with
valuation ring R. Let Abe an abelian variety over K . A theta function is almost the same as
a global section of a line bundle L on A. The reason for the name is that theta functions are
constructed analytically on the universal cover of Aan, as in the classical situation over C,
where such functions are generally called θ . This theory of non-Archimedean uniformiza-
tions and theta functions was worked out by Bosch and Lütkebohmert. It is a beautiful
theory, but when A has semi-abelian reduction it is quite technical. In this section we
recall the results in [BL91] that we will use, translated from Bosch–Lütkebohmert’s lan-
guage of rigid and formal geometry into the language of Berkovich analytic spaces. We
also prove a fact about Fourier coefficients of non-Archimedean theta functions in Propo-
sition 3.25, which will be important in §4.
We discuss the totally degenerate case, which is much simpler, as a running example.
The reader may want to understand this case first. See also Faltings–Chai [FC90], as well
as Fresnel–van der Put [FvdP04] for a detailed discussion in the totally degenerate case.
If L → A is a line bundle then Lan → Aan is also a line bundle, and it follows from
analytic GAGA that H0(A, L) = H0(Aan, Lan). Moreover, any analytic line bundle on a
proper variety is automatically algebraic. Hence we will sometimes neglect to distinguish
between algebraic and analytic line bundles on abelian varieties.
3.1. Metrized line bundles. Let π : L → X be a line bundle on an analytic space. A
metric on L is a function ‖ · ‖: L → R≥0 which is compatible with the Ganm -action and
is non-constant on fibers: that is, given x ∈ X and an isomorphism π−1(x) ∼= A1,anH (x) =
Spec(H (x)[T ])an, for y ∈ π−1(x) we have ‖y‖ = c|T (y)| for some c ∈ |H (x)×|. We
6 TYLER FOSTER, JOSEPH RABINOFF, FARBOD SHOKRIEH, AND ALEJANDRO SOTO
require the metric to be continuous in the sense that for U ⊂ X open and a section
s : U → L|U , the function x 7→ ‖s(x)‖: U → R≥0 is continuous.
Given a metrized line bundle (L,‖ · ‖) on X and a morphism ϕ : Y → X , there is an
obvious metric on ϕ∗L. Given two metrized line bundles (L1,‖ · ‖1) and (L2,‖ · ‖2), there
is a metric ‖ · ‖ on L ⊗ L′ characterized by ‖s1 ⊗ s2(x)‖= ‖s1(x)‖1‖s2(x)‖2.
An integral model induces a metric in the following way. Let L be a line bundle on
a flat, proper R-scheme X. Let L be the generic fiber of L, i.e., the restriction of L to
X := X×R Spec(K). In this situation we say that L is an integral model of L on X. The
model metric ‖ · ‖L : Lan → R≥0 on Lan associated to the model L is defined as follows.
Let y ∈ Lan with image x ∈ X an. By the valuative criterion of properness, x extends
to a unique H (x)◦-point x : SpecH (x)◦ → X. Choosing any trivialization of L in a
neighborhood of the reduction of x gives an isomorphism T : x∗L
∼−→ A1H (x)◦. We set
‖y‖L = |T (y)|. This is well-defined because any other trivialization T ′ of x∗L differs by
a unit inH (y)◦. See also [Gub10, §3].
Suppose now that B is an abelian variety over K with good reduction. Up to isomor-
phism, there is a unique abelian R-schemeB whose generic fiber is identified with B. Let
L be a rigidified line bundle on B (a line bundle with a trivialization of its identity fiber).
It follows from [BL91, Lemma 6.1] and from the formal GAGA principle [FK17, §I.10]
that L has a canonical integral model L on B, so there is a canonical model metric on
Lan, which we denote by ‖ · ‖L .
3.2. Raynaud–Bosch–Lütkebohmert uniformization. Let A be an abelian variety over
K . Let p : Ean → Aan be the universal cover (in the sense of topology), and choose a base
point 0 ∈ Ean over the identity. Then Ean has the unique structure of an analytic group
with identity 0, and p is a homomorphism. In fact Ean is the analytification of a group
scheme E, although the homomorphism p is not algebraic. The uniformization theory of
Raynaud and Bosch–Lütkebohmert says that there are two exact sequences
0 −→ T −→ E q−→ B −→ 0(1)
0 −→ M ′ −→ Ean p−→ Aan −→ 0,(2)
where T= Spec(K[M]) is a split K-torus, B is an abelian variety with good reduction, and
M ′ is a lattice in Ean (see below). Moreover, all of these data are uniquely determined by
A, up to isomorphism. The sequence (1) is called a Raynaud extension. Both sequences
are often written in a so-called Raynaud cross
M ′

Tan // Ean
p

q
// Ban
Aan
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Given u ∈ M , we construct the pushout diagram
(3.2.1) 0 // T //
χu

E
eu

q
// B // 0
0 // Gm // Eu // B // 0
A rigidified translation-invariant line bundle on an abelian variety B amounts to an ex-
tension of B by Gm: given such an extension L
′, the Gm-action makes L
′ into a Gm-torsor
over B, which is then identified with the complement of the zero section of a line bundle
L. This line bundle is translation-invariant: given x ∈ B, choose a lift y ∈ L′; then multi-
plication by y in L′ yields an isomorphism L
∼−→ x∗L. Thus Eu is the complement of the
zero locus of such a rigidified translation-invariant line bundle on B; we also denote this
line bundle (with zero section included) by Eu by abuse of notation. Note that we may
regard eu as a trivialization of the pullback q
∗Eu.
Now we explain the lattice condition. Define the tropicalization map trop: Tan → NR
by the rule
〈u, trop(x)〉 := − log |χu(x)|, u ∈ M .
This extends in a canonical way to a homomorphism trop: Ean −→ NR by setting
(3.2.2) 〈u, trop(x)〉= − log‖eu(x)‖Eu,
where ‖ · ‖Eu is the model metric defined in (3.1) using the fact that B has good reduction.
To say that M ′ is a latticemeans that tropmaps M ′ isomorphically onto an ordinary lattice
(of full rank) in the Euclidean space NR.
Remark 3.3. The identity fiber of trop: Ean → NR is a subgroup A0 of Ean, and we have
a short exact sequence
(3.3.1) 0 −→ T0 −→ A0
q0−→ Ban −→ 0
with T0 = trop
−1(0), the affinoid torus. We call the sequence (3.3.1) a formal Raynaud
extension because it arises as the generic fiber of a short exact sequence of formal group
schemes over R. This sequence splits locally in the formal analytic topology on Ban: that
is, there exists a cover of Ban by open sets V which are the generic fiber of a formal
affine, such that q−10 (V )
∼= T0 × V . Extending the splitting to q−1(V ) ∼= T× V , the map
trop: q−1(V )→ NR is the composition of the first projection T×V → Twith trop: T→ NR.
See [BL91, §1] and [Gub10, (4.2)] for details.
The two extremal cases for the uniformization theory of A are when A has good reduc-
tion, in which case T and M ′ are trivial and A = B, and when A has totally degenerate
(i.e., toric) reduction, in which case B = 0 and E = T. It is precisely this later situation
which is analogous to the uniformization of abelian varieties defined over the complex
numbers, as we have Aan ∼= Tan/M ′.
3.4. Duality theory. Let A be an abelian variety with dual A′. Much of [BL91] is con-
cerned with relating the uniformizations of A and A′. The end result is that we have the
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following Raynaud crosses:
M ′

Φ
""❊
❊
❊
❊
❊
M

Φ
′
##●
●
●
●
●
Tan // Ean
p

q
// Ban T′an // E′an
p′

q′
// B′an
Aan A′an
Here T = Spec(K[M]) and T′ = Spec(K[M ′]), and B is the dual of B′. The map Φ′ has
the property that Φ′(u) = Eu (regarded as a K-point of B
′), and likewise for Φ. Hence
for (u′,u) ∈ M ′ ×M we have eu(u′), eu′(u) ∈ PΦ(u′),Φ′(u), the fiber over (Φ(u′),Φ′(u)) of the
Poincaré bundle P → B × B′. It turns out that eu(u′) = eu′(u), and the map
(3.4.1) (u′,u) 7→ t(u′,u) := eu(u′) = eu′(u) t : M ′ ×M −→ P
is a trivialization of (Φ×Φ′)∗P, regarded as a biextension of M ′ ×M . The valuation
(3.4.2) [ · , · ] := − log‖t( · , · )‖P : M ′ ×M −→ R
is bilinear and nondegenerate by [BL91, Proposition 3.4].
We use the notation introduced above for the rest of this section.
Remark 3.5. In [BL91] the roles of M and M ′ are reversed. We chose to follow the
opposite convention since in their situation, the tropicalization map on Ean would take
values in N ′
R
, which is nonstandard from the tropical point of view.
Example 3.6. Suppose that A has toric reduction, so B = 0 and E = T. The trivialization
t amounts to a bilinear pairing M ′ × M → K× such that − log |t | is nondegenerate. This
defines an embedding M ′ ,→ T′ = Spec(K[M ′]) by the rule χu′(u) = t(u′,u), and the
quotient T′an/M ′ is canonically isomorphic to A′an. See [FvdP04, Chapter 6].
3.7. Line bundles. By descent theory, one can study line bundles on A (equivalently,
on Aan) by studying line bundles on Ean with an M ′-linearization. It turns out that it is
enough to consider only line bundles on Ean which are pulled back from B.
Example 3.8. Recall from (3.2.1) that we can regard Eu as an extension of B by Gm. The
composite homomorphism
(3.8.1) ǫu : M
′ −→ E(K) eu−→ Eu(K)
defines an M ′-linearization of Eu. This pulls back to an M
′-linearization ǫu of q
∗Eu.
By [BL91, Corollary 4.10], a cubical line bundle on Ean with M ′-linearization descends
to the trivial rigidified line bundle on A if and only if it is isomorphic to (q∗Eu,ǫu).
Notation 3.9. For a line bundle L on a group scheme G we set
D2L = m∗L ⊗ p∗1L−1 ⊗ p∗2L−1,
where p1, p2 : G × G→ G are the two projections and m: G × G→ G is multiplication.
Let G = B be an abelian variety and let L be a line bundle on B. Recall from (1.1) that L
gives rise to a symmetric homomorphismϕL : B→ B′ defined on points by x 7→ T ∗x L⊗L−1.
This is equivalent to the “universal” identity (Id×ϕL)∗P = D2L.
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The following theorem is the non-Archimedean analogue of Riemann’s period rela-
tions.
Theorem 3.10 ([BL91, Theorems 6.7 and 6.13]). There is a canonical bijective correspon-
dence between the following data:
(1) Rigidified line bundles on A.
(2) Equivalence classes of triples (L,λ, c), where L is a rigidified line bundle on B,
λ: M ′ → M is a group homomorphism, and c : M ′ → Φ∗L is a trivialization (as
a rigidified line bundle on M ′), satisfying
Φ
′ ◦ λ= ϕL ◦Φ and c(u′1 + u′2)⊗ c(u′1)−1⊗ c(u′2)−1 = t(u′1,λ(u′2))
for all u′1,u
′
2 ∈ M ′, where we use the canonical identification D2L = (Id×ϕL)∗P.
Two triples (L1,λ1, c1) and (L2,λ2, c2) are equivalent provided that λ1 = λ2 and
there exists u ∈ M such that L1 ⊗ L−12 ∼= Eu and c1 ⊗ c−12 ∼= ǫu , where ǫu is defined
in (3.8.1).
The above correspondence is compatible with tensor product in the obvious way. Moreover,
the line bundle LA on A corresponding to (L,λ, c) is ample if and only if L is ample and the
symmetric form (u′1,u
′
2) 7→ [u′1,λ(u′2)] is positive-definite, in which case
dimH0(A, LA) = [M : λ(M
′)] dimH0(B, L).
The correspondence is constructed by descent with respect to the subgroup M ′ ⊂ Ean.
The M ′-linearization on q∗L defined by a triple in (2) is described as follows, in terms
of sections [BL91, Proposition 4.9]: the isomorphism q∗L
∼−→ T ∗
u′q
∗L corresponding to
the action of u′ ∈ M ′ on q∗L is given by f 7→ c(u′) ⊗ eλ(u′) ⊗ f , up to canonical iso-
morphism. (The canonical isomorphism in question is the pullback via q of T ∗
Φ(u′)L
∼=
L(Φ(u′)) ⊗ Eλ(u′) ⊗ L, where L(Φ(u′)) is the constant line bundle on the fiber of L over
Φ(u′). See [BL91, §4].)
Example 3.11. Suppose that A has toric reduction, as in Example 3.6. Since there are
no nontrivial line bundles on Tan, by descent theory, the Picard group Pic(A) is naturally
isomorphic to H1(M ′,O (Tan)×), the group cohomology of M ′ with coefficients in O (Tan)×.
Any analytic invertible function on Tan is in fact algebraic [FvdP04, Theorem 6.3.3(1)],
hence is a constant times a character; in other words, O (Tan)× = K× × M . Let Z : u′ 7→
Zu′ be a 1-cocycle representing a line bundle L ∈ Pic(A). Up to coboundary, we can
write Zu′ = c(u
′)χλ(u
′) for some c(u′) ∈ K× and λ(u′) ∈ M , such that u′ 7→ λ(u′) is a
homomorphism from M ′ to M , and for u′1,u
′
2 ∈ M ′ one has
(3.11.1) c(u′1+ u
′
2)c(u
′
1)
−1c(u′2)
−1 = χλ(u
′
2)(u′1) = t(u
′
1,λ(u
′
2))
and c(0) = 1. A triple corresponding to the line bundle L via Theorem 3.10 is (O ,λ, c).
For u ∈ M , the coboundary of χu ∈ O (Tan)× is u′ 7→ t(u′,u), so that (O ,λ, c) and
(O ,λ, t( · ,u)c) define the same line bundle. Unwrapping the definitions and using Exam-
ple 3.6, we find that the trivialization ǫu of (3.8.1) reduces to the homomorphism t( · ,u)
in this case.
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3.12. Translations of line bundles. To x ′ ∈ E′(K) we can associate the translation-
invariant line bundle Lx ′ on B corresponding to q
′(x ′) ∈ B′(K): that is, Lx ′ = PB×q′(x ′),
where P → B×B′ is the Poincaré bundle. For u′ ∈ M ′ we have E′
u′ = PΦ(u′)×B′ , so eu′(x
′) ∈
P
Φ(u′)×q′(x ′) = (Lx ′)Φ(u′). It turns out that u
′ 7→ eu′(x ′) defines a homomorphism cx ′ : M ′ →
Lx ′ over Φ: M
′ → B, where we regard Lx ′ as an extension of B by Gm. In fact more is
true:
Proposition 3.13 ([BL91, Corollaries 4.11 and 4.12]). The association x ′ 7→ (Lx ′ , cx ′)
defines a bijection between points of E′(K) and isomorphism classes of pairs (L, c), where L is
a translation-invariant line bundle on B and c : M ′→ L is a homomorphism lifting Φ: M ′→
B. Moreover, (Lx ′ , 0, cx ′) is a triple as in Theorem 3.10 giving rise to the translation-invariant
line bundle on A corresponding to p′(x ′) ∈ A′(K).
See also the paragraph before the statement of Theorem 6.8 in [BL91]. When x ′ =
u ∈ M ⊂ E′(K) we have q′(u) = Φ′(u), so Lu = Eu. Since eu′(u) = eu(u′) it follows that
cu = ǫu as in Example 3.8, so (Lu, 0, cu) gives rise to the trivial line bundle on A. This is
consistent with Theorem 3.10 and the fact that p′(u) = 0 ∈ A′(K).
Proposition 3.14. Let LA be a line bundle on A, and let (L,λ, c) be a triple corresponding
to LA as in Theorem 3.10. Let ϕ = ϕLA : A → A′ be the homomorphism induced by LA
and let eϕ : Ean → E′an be the lift to universal covers. Let x ∈ E(K), y = p(x) ∈ A(K),
z = q(x) ∈ B(K), and x ′ = eϕ(x) ∈ E′(K). Then T ∗
z
L ∼= Lx ′ ⊗ L, and (T ∗z L,λ, cx ′ ⊗ c) is a
triple corresponding to T ∗
y
LA.
Proof. As explained in (3.23) below, we have q′ ◦ eϕ = ϕL ◦ q. By definition Lx ′ is the
line bundle defined by q′(x ′) = q′( eϕ(x)), and T ∗
z
L ⊗ L−1 is the line bundle defined by
ϕL(z) = ϕL(q(x)). Hence Lx ′ ∼= T ∗z L ⊗ L−1. Similarly, T ∗y LA ⊗ L−1A is the line bundle
defined by ϕ(y) ∈ A′(K); as ϕ(y) = p′( eϕ(x)) = p′(x ′), this line bundle corresponds
to the triple (Lx ′ , 0, cx ′) by Proposition 3.13. The result follows by compatibility of the
formation of these triples with tensor product. 
Definition 3.15. With the notation in Proposition 3.14, we call the triple (T ∗
z
L,λ, cx ′ ⊗ c)
the translate of (L,λ, c) by x ∈ E(K), and we write
(3.15.1) T ∗
x
(L, λ, c) := (T ∗
z
L, λ, cx ′ ⊗ c).
Example 3.16. Suppose that A has toric reduction, as in Examples 3.6 and 3.11. A point
x ′ ∈ T′(K) is equivalent to a homomorphism cx ′ : M ′ → K×, and the cocycle Z : u′ 7→
cx ′(u
′) represents a translation-invariant line bundle on A, as explained in Example 3.11.
This cocycle is a coboundary if and only if x ′ = u ∈ M , in which case cu(u′) = χu
′
(u) =
χu(u′) = t(u′,u).
If LA is a line bundle on A with corresponding cocycle Zu′ = c(u
′)χλ(u
′), then T ∗
y
LA
corresponds to the cocycle T ∗
x ′Z . One calculates (T
∗
x ′Z)u′ = cx ′(u
′)c(u′)χλ(u
′), which we
write as the triple (O ,λ, cx ′ · c).
3.17. Theta functions. We will also need an analytic description of sections of line bun-
dles on A, building on Theorem 3.10. At this point it is convenient to pass to invertible
sheaves, following [BL91, §4]. Our correspondence between invertible sheaves and line
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bundles is contravariant: if L is a line bundle then its corresponding invertible sheaf is
L =Hom(L,O ). In particular, a section s of L gives rise to a section ofL −1, also denoted
s.
Let L be a rigidified invertible sheaf on B. There is a canonical decomposition of
H0(Ean,q∗L ) as a certain completed direct sum
H0(Ean, q∗L ) =
∧⊕
u∈M
H0(B, L ⊗Eu)⊗ eu,
where Eu is the invertible sheaf on B corresponding to Eu and eu ∈ H0(B,E−1u ). In other
words, any f ∈ H0(Ean, q∗L ) has a canonical Fourier decomposition
(3.17.1) f =
∑
u∈M
au ⊗ eu au ∈ H0(B, L ⊗Eu).
Remark 3.18. Let V ⊂ Ban be a formal affinoid over which the formal Raynaud ex-
tension (3.3.1) splits, and which trivializes L (as a formal line bundle). Then q−1(V ) ∼=
V×T, and f |V has a unique Laurent series decomposition f =
∑
u∈M auχ
u with au ∈ O (V ).
The Fourier decomposition (3.17.1) is the globalization of this decomposition. Moreover,
for x ∈ Ean one has
(3.18.1) ‖ f (x)‖q∗L =
∑ auχu(x)

essentially by the definition of the model metric ‖ · ‖L . (This also explains the conver-
gence in the completed direct sum above.) See [BL91, §5].
Proposition 3.19 ([BL91, Proposition 5.2]). Let LA be a rigidified invertible sheaf on A,
and let (L ,λ, c) be a corresponding triple in Theorem 3.10. Let f ∈ H0(Ean,q∗L ) have
Fourier decomposition f =
∑
u∈M au ⊗ eu. Then the following are equivalent:
(1) f descends to a global section of LA;
(2) f = c(u′)⊗ eλ(u′) ⊗ T ∗u′ f for all u′ ∈ M ′;
(3) for all (u′,u) ∈ M ′ ×M we have
(3.19.1) au+λ(u′) = t(u
′,u)⊗ c(u′)⊗ T ∗
Φ(u′)au,
ignoring canonical isomorphisms.
See the proof of [BL91, Proposition 5.2] and the internal references therein to unwrap
the canonical isomorphisms involved. For our purposes they are not important; we will
only use Corollary 3.21, which is a consequence.
Definition 3.20. A global section f ∈ H0(Ean,q∗L ) which descends to a section of LA
is called a theta function with respect to (L ,λ, c). We say that f is invariant under the
linearization action of M ′.
We will usually call f simply a “theta function forL ”. Note that theta functions forL
are not intrinsic to LA, as there are multiple triples (L ,λ, c) giving rise to LA.
Corollary 3.21. With the notation in Proposition 3.19, for x ∈ Ban and (u′,u) ∈ M ′ × M
we have
‖au+λ(u′)(x)‖L⊗Eu = ‖t(u′,u)‖P · ‖c(u′)‖L · ‖au(x +Φ(u′))‖L⊗Eu
if f is a theta function.
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Proof. It follows from Proposition 3.19 that
au+λ(u′) = t(u
′,u)⊗ c(u′)⊗ T ∗
Φ(u′)au,
where we have used the canonical isomorphisms
T ∗
u′q
∗L = q∗T ∗
Φ(u′)L = q∗L (Φ(u′))⊗ q∗Eu ⊗ q∗L , T ∗u′Eu = Eu.
By the construction of the formal metric, it follows that the sections of these line bundles
will differ, via this isomorphisms, by an element of norm 1. This shows the compatibility
of the metrics which proves the claim. 
Example 3.22. Suppose that A has toric reduction, as in Examples 3.6, 3.11, and 3.16.
Let L be a line bundle on A, corresponding to a cocycle u′ 7→ c(u′)χλ(u′) as in Example 3.11.
An analytic function on T has the form (Fourier decomposition) f =
∑
u∈M auχ
u for au ∈
K , where val(au) + 〈u, v〉 →∞ on the complements of finite subsets of M for all v ∈ NR.
The function f descends to a section ofL if and only if f = c(u′)χλ(u′)T ∗
u′ f for all u
′ ∈ M ′,
i.e., if and only if∑
au+λ(u′)χ
u+λ(u′) = c(u′)χλ(u
′)
∑
auχ
u(u′)χu =
∑
t(u′,u)c(u′)auχ
u+λ(u′).
This recovers (3.19.1) in the totally degenerate case.
3.23. Polarizations. Let LA be a rigidified line bundle on A, with corresponding triple
(L,λ, c) as in Theorem 3.10. Let ϕLA : A→ A′ be the homomorphism induced by LA and
let eϕLA : Ean → E′an be the lift to universal covers, so eϕLA(M ′) ⊂ M . It is automatic thateϕLA(Tan) ⊂ T′an, so eϕLA induces homomorphisms λT : T→ T′ and λB : B→ B′. See [BL91,
Proposition 3.5].
Proposition 3.24. [BL91, Proposition 6.10, Remark 6.11] In the above situation, the fol-
lowing homomorphisms M ′ → M coincide with λ:
(1) The homomorphism on character groups induced by λT.
(2) The restriction of eϕLA to M ′.
Moreover, λB = ϕL.
By Theorem 3.10, ϕLA is a polarization if and only if L is ample and [ · ,λ( · )] is positive-
definite. In this case the degrees are related by
deg(ϕLA) = [M : λ(M
′)]2 deg(ϕL).
See also [BL91, Theorem 6.15].
If ϕLA is a principal polarization then λ is an isomorphism and ϕL is also a principal
polarization. In this case there is a unique nonzero global section a0 ∈ H0(B, L) up to
scaling. Taking u = 0 in (3.19.1), the unique theta function f of L (up to scaling) has
Fourier expansion
(3.24.1) f =
∑
u′∈M ′
1⊗ c(u′)⊗ T ∗
Φ(u′)a0 ⊗ eλ(u′).
We call f the Riemann theta function associated to (L,λ, c).
Recall that for y ∈ A(K), the line bundle T ∗
y
LA defines the same principal polarization
ϕLA.
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Proposition 3.25. With the above notation, suppose that ϕLA is a principal polarization.
Then there exists y ∈ A(K) and a triple (L,λ, c) for T ∗
y
LA such that, if f =
∑
u∈M au ⊗ eu is
the Fourier expansion of the Riemann theta function on L, then for u′ ∈ M ′ and x ∈ Ban, we
have
‖aλ(u′)(x)‖L⊗Eu = ‖t(u′,λ(u′))‖
1/2
P · ‖a0(x +Φ(u′))‖L⊗Eu.
Moreover, we can choose y and (L,λ, c) such that 
(−1)∗L, λ, (−1)∗c

=
 
L, λ, c

,
where (−1) : B→ B is negation and (−1)∗c(u′) = c(−u′).
Proof. By Corollary 3.21, for the first assertion we only need to show that there exist y
and (L,λ, c) such that
(3.25.1) ‖c(u′)‖L = ‖t(u′,λ(u′))‖1/2P
for all u′ ∈ M ′. Let (L′,λ, c′) be a triple associated with LA. Let Q′(u′) = − log‖c′(u′)‖L′
and let β(u′1,u
′
2) = [u
′
1,λ(u
′
2)] = − log‖t(u′1,λ(u′2))‖P . Then β : M ′ × M ′ → R is a
symmetric, positive-definite bilinear form by Theorem 3.10 (since LA is ample), and for
u′1,u
′
2 ∈ M ′ we have β(u′1,u′2) = Q′(u′1 + u′2) −Q′(u′1) −Q′(u′2) (also by Theorem 3.10).
Letting Q(u) = 12β(u,u) be the quadratic form associated to the bilinear form β , we also
have β(u′1,u
′
2) =Q(u
′
1+u
′
2)−Q(u′1)−Q(u′2), soQ−Q′ : M ′→ R is a homomorphism. Since
c(u′) and t(u′,λ(u′)) are K-valued points, the image ofQ−Q′ is contained in Γ := val(K×).
Therefore we may regard Q−Q′ as a point in N ′
Γ
:= Hom(M ′, Γ ) ⊂ N ′
R
.
Choose x ′ ∈ E′(K) such that trop(x ′) = Q−Q′. Let Lx ′ be the translation-invariant line
bundle on β and cx ′ : M
′ → Lx ′ the homomorphism which correspond to x ′ by Proposi-
tion 3.13. For u′ ∈ M ′ we have cx ′(u′) = eu′(x ′), so
〈u′, trop(x ′)〉 = − log‖cx ′(u′)‖Eu′
by definition of trop (3.2.2). On the other hand,
‖cx ′(u′)‖Eu′ = ‖cx ′(u′)‖P = ‖cx ′(u′)‖Lx′
since any translation-invariant line bundle is a pullback of the Poincaré bundle as a formal
line bundle. It follows that Q−Q′ = − log‖cx ′( · )‖Lx′ ∈ N ′Γ .
Let eϕLA : Ean ∼−→ E′an be the lift of ϕLA to universal covers, let x = eϕ−1LA (x ′), let y =
p(x) ∈ A(K), and let z = q(x) ∈ B(K). Then (L,λ, c) := T ∗
x
(L′,λ′, c′) = (T ∗
z
L′,λ, cx ′ ⊗ c′)
is a triple for T ∗
y
LA by Proposition 3.14, and by construction, − log‖c(u′)‖L = Q(u′) =
1
2β(u
′,u′).
Now we treat the final assertion. To begin we replace LA by T
∗
y
LA and (L
′,λ, c′) by
(L,λ, c). A triple for the translation-invariant line bundle (−1)∗LA⊗ L−1A is 
(−1)∗L ⊗ L−1, 0, (−1)∗c ⊗ c−1

.
For u′ ∈ M ′we have ‖c(u′)‖L = ‖c(−u′)‖L by (3.25.1), so ‖(−1)∗c(u′)⊗c(u′)−1‖(−1)∗ L⊗L−1 =
1. Let x ′ ∈ E′(K) be the point giving rise to the pair ((−1)∗L ⊗ L−1, (−1)∗c ⊗ c−1) in
the manner of Proposition 3.13, and choose x ′′ ∈ E′(K) such that 2x ′′ = x ′. Then
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L⊗2
x ′′
∼= (−1)∗L ⊗ L−1 and c⊗2x ′′ ∼= (−1)∗c ⊗ c−1. Since (−1)∗Lx ′′ = L−1x ′′ as Lx ′′ is translation-
invariant, we have
(−1)∗(L ⊗ Lx ′′)∼= (−1)∗L ⊗ L−1x ′′ ∼= L ⊗ Lx ′′ ,
and similarly for c ⊗ cx ′′ . Hence the triple 
L ⊗ Lx ′′ , λ, c ⊗ cx ′′

= T ∗
x ′′(L, λ, c)
is invariant under the symmetry (−1), and for u′ ∈ M ′,
‖cx ′′(u)‖Lx′′ =
q
‖(−1)∗c(u′)⊗ c(u′)−1‖(−1)∗ L⊗L−1 = 1.
It follows that T ∗
x ′′(L,λ, c) satisfies all of the hypotheses of the Proposition. 
Example 3.26. Suppose that A has toric reduction, as in Examples 3.6, 3.11, 3.16,
and 3.22. Let LA be a line bundle on A, with associated cocycle u
′ 7→ c(u′)χλ(u′). Let
λT : T→ T′ be the homomorphism inducing λ: M ′ → M on character groups. By (3.11.1)
the bilinear form (u′1,u
′
2) 7→ t(u′1,λ(u′2)) = χλ(u
′
2)(u′1) is symmetric. Hence for u
′
1,u
′
2 ∈
M ′ ×M ′, we have
(3.26.1) χu
′
2(λT(u
′
1)) = χ
λ(u′2)(u′1) = t(u
′
1,λ(u
′
2)) = t(u
′
2,λ(u
′
1)) = χ
u′2(λ(u′1)),
where the first equality is the definition of λT and the last is the definition of the embed-
dingM ,→ T′ in Example 3.6. Henceλ is the restriction ofλT toM ′, as in Proposition 3.24.
Suppose that ϕLA is a principal polarization. Choose a bilinear form
p
t( · ,λ( · )): M ′×
M ′ → K× whose square is t( · ,λ( · )) (choose square roots of the images of pairs of basis
elements). Then
f =
∑
u′∈M ′
Æ
t(u′,λ(u′))χλ(u
′)
is the Riemann theta function associated to the triple (O ,λ, c) for c(u′) =
p
t(u′,λ(u′)).
See also [Tei88, Definitions 16,19].
4. TROPICALIZATION OF THETA FUNCTIONS
An abelian variety A over K has a canonical skeleton Σ, which is a tropical abelian
variety in the sense of Definition 2.6. In this section we define the tropicalization ftrop
of a theta function f on A, and we prove that ftrop is a tropical theta function on Σ. We
show that a Riemann theta function tropicalizes to the tropical Riemann theta function
in the principally polarized case, up to translation and scaling.
Throughout this section we use the notation (3.4) for the uniformization of A and its
dual.
4.1. The skeleton. There is a canonical continuous section σ : NR → Ean of the tropi-
calization map trop: Ean → NR defined in (3.2.2), which is constructed in [Gub10, Ex-
ample 7.2] as follows. Choose a local section V → Ean of the formal Raynaud exten-
sion (3.3.1) as in Remark 3.3, so q−1(V ) ∼= T× V . Then trop−1(v) ∼= Uv × V , where Uv
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is the inverse image of v under trop: Tan → NR. Any analytic function h on Uv × V has a
unique Laurent series expansion
h=
∑
u∈M
auχ
u such that |au|sup exp(−〈u, v〉)−→ 0
on the complements of finite sets of M , where au ∈ O (V ) and | · |sup is the supremum
norm on O (V ). We define σ(v) to be the norm on O (Uv × V ) given by
(4.1.1)
h(σ(v))=max
u∈M

|au|sup exp(−〈u, v〉)
	
.
This is independent of the choice of V and the choice of splitting (of the formal Raynaud
extension), and the resulting section σ : NR → Ean is continuous.
Lemma 4.2. Let B be the smooth abelian R-scheme with generic fiber B. There is a unique
point ξ ∈ Ban whose reduction is the generic point of Bs, and q(σ(v)) = ξ for all v ∈ NR.
Proof. The first assertion is a standard application of [Ber90, Proposition 2.4.4(ii)]: the
point ξ corresponds to the supremum norm on O (V ) for any V as in (4.1). If h = a0 is
the pullback of a function on V then by definition |h(σ(v))|= |a0|sup, so q(σ(v)) = ξ. 
Lemma 4.3. Let v ∈ NR and x ∈ E(K). Then σ(v) + x := Tx(σ(v)) is equal to σ(v +
trop(x)).
Proof. Let w = trop(x), choose V as in (4.1), and let h be an analytic function on Tan×V .
We can write h =
∑
u∈M auχ
u for au ∈ O (V ), such that |au|sup exp(−〈v′,u〉) → 0 for all
v′ ∈ NR. We have
|h(Tx(σ(v)))|=
∑ auT ∗x (χu)(σ(v))

=max

|au|sup exp(−〈u, v〉 − 〈u,w〉)
	
= |h(σ(v +w))|
because T ∗
x
(χu) = χu(x)χu and |χu(x)|= exp(−〈u, trop(x)〉) by definition of trop. 
Definition 4.4. The skeleton of A is the real torus NR/ trop(M
′).
Note that the pairing [ · , · ] : M ′×M → R of (3.4.2) defines the embedding trop: M ′→
NR used in Definition 4.4. The tropicalization map trop: E
an → NR defines by passage to
the quotient a proper, surjective homomorphism τ : Aan → Σ, and the section σ restricts
fiberwise to a section σ : Σ → Aan. The composition σ ◦ τ : Aan → Aan is the image of a
deformation retraction onto σ(Σ) by [Ber90, §6.5].
Example 4.5. Suppose that A has toric reduction, as in Examples 3.6, 3.11, 3.16, 3.22,
and 3.26. Then Ean = Tan, and for v ∈ NR the point σ(v) is defined by
| f (σ(v))|= sup
u∈M
|au| exp(−〈u, v〉) for f =
∑
u∈M
au χ
u.
In this case au ∈ K are constants. The map σ : NR → Tan is the usual skeleton of a torus.
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4.6. Skeletons and polarizations. Suppose now that A is endowed with a polarization
ϕ : A → A′ associated to an ample line bundle LA. By (3.23), LA gives rise to a triple
(L,λ, c) such that the real-valued pairing
[ · , λ( · )] : M ′ ×M ′ −→ R
is bilinear, symmetric, and positive-definite. The dual abelian variety A′ has skeleton
Σ
′ := N ′
R
/ trop(M), where N ′
R
= Hom(M ′,R) and trop: M → N ′
R
is again defined by
[ · , · ]. From now on we identify M ′ and M with their images in NR and N ′R, respectively.
Proposition 4.7. The pairing [ · , · ] : M ′ × M → R and the homomorphism λ: M ′ → M
make Σ = NR/M
′ into a tropical abelian variety in the sense of Definition 2.6, with dual
Σ
′ = N ′
R
/M. Moreover, the square
Aan
ϕ
//
τ

A′an
τ

Σ
ϕtrop
// Σ
′
is commutative, where ϕtrop is the polarization defined by λ.
Proof. The homomorphism λ: M ′ → M gives rise to a map eϕtrop : NR → N ′R making the
square
Ean
eϕ
//
trop

E′an
trop

NR eϕtrop
// N ′
R
commutative. Since eϕ restricts to λ: M ′ → M on sublattices by Proposition 3.24, eϕtrop
also restricts to λ on M ′ ⊂ NR, and hence descends to a homomorphism ϕtrop : Σ→ Σ′.
Unwinding the definitions, for u′1,u
′
2 ∈ M ′ we have
〈u′1, λ(u′2)〉 = − log‖t(u′1, λ(u′2))‖P = [u′1, λ(u′2)],
(the first being the evaluation pairing M ′×N ′
R
→ R), which is analogous to (3.26.1). 
See also [BR15, (3.7) and §4] for a discussion in the principally polarized case.
4.8. Tropicalization of theta functions. Fix a rigidified line bundle LA on A, let (L,λ, c)
be a corresponding triple of Theorem 3.10, and let ϕLA : A→ A′ be the induced homo-
morphism. Let f ∈ H0(Ean,q∗L) be a nonzero theta function (Definition 3.20).
Definition 4.9. The tropicalization of f is the function
ftrop : NR → R defined by ftrop(v) = − log‖ f (σ(v))‖q∗L.
Here ‖ · ‖q∗L is the pullback of the canonical model metric ‖ · ‖L of (3.1). The next
proposition shows that ‖ f (σ(v))‖q∗L 6= 0 for all v ∈ NR.
Theorem 4.10 (The tropicalization of a theta function is a tropical theta function). Let
f ∈ H0(Ean,q∗L) be a nonzero theta function with tropicalization ftrop : NR → R and Fourier
expansion f =
∑
u∈M au ⊗ eu. Let ξ ∈ Ban be the point defined in Lemma 4.2.
NON-ARCHIMEDEAN AND TROPICAL THETA FUNCTIONS 17
(1) ftrop(v) =min
u∈M

− log‖au(ξ)‖L⊗Eu + 〈u, v〉
	
<∞ for all v ∈ NR.
(2) ftrop is a piecewise integral affine function.
(3) Suppose that LA is ample, so thatϕLA is a polarization. Let ctrop(u
′) = − log‖c(u′)‖L.
Then
ctrop(u
′
1 + u
′
2)− ctrop(u′1)− ctrop(u′2) = [u′1, λ(u′2)] for all u′1,u′2 ∈ M ′,
and for u′ ∈ M ′ and v ∈ NR we have
(4.10.1) ftrop(v) = ftrop(v + u
′) + ctrop(u
′) + 〈λ(u′), v〉.
In particular, ftrop is a tropical theta function in the sense of Definition 2.9.
Proof. Choose a local splitting q−1(V ) ∼= T× V of the formal Raynaud extension (3.3.1)
which also trivializes L, as in Remark 3.3. Note that Σ ⊂ V by Lemma 4.2. On q−1(V )
we can write
f =
∑
u∈M
auχ
u where au ∈ O (V ),
and some au is nonzero. We have
‖ f ‖q∗L =
∑ auχu(σ(v))
=max
u∈M

|au|sup exp(−〈u, v〉)
	
=max
u∈M

|au(ξ)| exp(−〈u, v〉)
	
.
by (3.18.1), (4.1.1), and Lemma 4.2. This proves (1). Clearly f is piecewise affine, and
the slopes are integral because the linear part of f on any domain of linearity has the
form 〈u, · 〉, which takes integer values on N (note |au(ξ)| is constant with respect to v);
this proves (2).
The identity for ctrop(·) is obtained by applying logarithm to the identity for c(·) in
Theorem 3.10. By Proposition 3.19 we have f = c(u′) ⊗ eλ(u′) ⊗ T ∗u f for all u′ ∈ M ′.
Therefore
‖ f (σ(v))‖q∗L = ‖c(u′)‖L · ‖eλ(u′)(σ(v))‖Eλ(u′) · ‖ f (σ(v) + u′)‖q∗L.
We have
− log‖eλ(u′)(σ(v))‖Eλ(u′) = 〈λ(u′), trop(σ(v))〉= 〈λ(u′), v〉
by definition of trop (3.2.2). Since σ(v) + u′ = σ(v + u′) by Lemma 4.3, this completes
the proof. 
4.11. Theta functions and translation. Before discussing the Riemann theta function,
we mention how tropicalization of theta functions behaves with respect to translation.
This is somewhat complicated by the fact that theta functions are only defined in the
presence of a triple (L,λ, c), which must also be translated. Let LA be a rigidified line
bundle on A. By Theorem 3.10, it has an associated triple (L,λ, c), where L is a rigidified
line bundle on B. Recall that we have an algebraic morphism q : E → B and an analytic
morphism p : Ean → Aan appearing in the exact sequences (1) and (2), respectively. Fix a
nonzero theta function f ∈ H0(Ean,q∗L) and a point x ∈ E(K). We wish to explain how
translation of f by x interacts with tropicalization. To this end, denote the images of x
under p and q by y = p(x) ∈ A(K) and z = q(x) ∈ B(K), respectively. Let ϕLA : A→ A′
be the homomorphism induced by LA, as described in 1.1, and let eϕLA : E → E′ be its lift
to the universal covers E of A and E′ of A′. Define x ′ ∈ E′(K) to be the image of x under
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ϕLA. By Proposition 3.14, (T
∗
z
L,λ, cx ′ ⊗ c) is a triple for T ∗y LA. It is clear that we have
canonical isomorphisms of line bundles
T ∗
x
q∗L ∼= q∗T ∗z L on E
and
T ∗
x
p∗LA
∼= p∗T ∗y LA on Ean.
Since f is a theta function, there exists a unique section fA ∈ H0(A, LA) such that f = p∗ fA.
Thus T ∗
x
f = p∗T ∗
y
fA ∈ H0(Ean,q∗T ∗z L) is a theta function with respect to the translated
triple (T ∗
z
L,λ, cx ′ ⊗ c) = T ∗x (L,λ, c).
Lemma 4.12. With the above notation, (T ∗
x
f )trop = T
∗
trop(x) ftrop for all x ∈ E(K), where for
any v ∈ NR, we define
(T ∗
v
ftrop)(w) := ftrop(v +w).
Proof. The canonical metric on T ∗
z
L coincides with the pullback via Tz of ‖ · ‖L since
translation by z extends to the special fiber of the smooth model of B. The Lemma
follows from this and Lemma 4.3. 
Theorem 4.13 (The tropicalization of a Riemann theta function is a tropical Riemann
theta function). Let LA be an ample rigidified line bundle on A defining a principal po-
larization. Let (L,λ, c) be a triple corresponding to LA and let f ∈ H0(Ean,q∗L) be the
Riemann theta function for L, as defined in (3.24.1). Then there exists x ∈ E(K) such that
(T ∗
x
f )trop = T
∗
trop(x) ftrop is equal to the tropical Riemann theta function associated to λ, up
to an additive constant.
Proof. By Proposition 3.25, Theorem 4.10(1), and Lemma 4.2, there is a translate of
(L,λ, c)whose Riemann theta function tropicalizes to the tropical Riemann theta function
(up to an additive constant). The translate of f must be the Riemann theta function of
this translate, so the Corollary follows from Lemma 4.12. 
5. APPLICATION TO CONSTRUCTING RATIONAL FUNCTIONS
We apply the results of §4 to give amethod for tropically constructing rational functions
f on A such that − log | f | has a prescribed behavior on the skeleton Σ. First we remark
that if f is a nonzero rational function on A, then | f (x)| 6= 0 for all x ∈ Σ: this follows
from Theorem 4.10 as applied to the trivial line bundle.
Definition 5.1. Let f be a nonzero rational function on A. Its tropicalization is the func-
tion
ftrop : Σ −→ R defined by ftrop(v) = − log | f (σ(v))|.
The composition f ◦ p : Ean → R is a theta function with respect to the trivial line
bundle, and the composition of ftrop with the quotient map NR → Σ coincides with ( f ◦
p)trop (Definition 4.9). It follows from Theorem 4.10 that ftrop is piecewise integral affine
(Definition 2.3). In what follows we will identify functions on Σ with functions on NR
which are invariant under the translation action of M ′.
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Theorem 5.2. For i = 1,2 let Li,A be an ample line bundle on A, let (Li,λi, ci) be a triple
corresponding to Li,A via Theorem 3.10, and let fi ∈ H0(Ean,q∗Li) be a nonzero theta func-
tion with tropicalization fi,trop. Suppose that f1,trop − f2,trop is invariant under translation
by elements of M ′, i.e., that f1,trop and f2,trop satisfy the same transformation law (4.10.1).
Then there exists a rational function h on A such that htrop = f1,trop − f2,trop.
Proof. Let f = f1/ f2, regarded as a section of q
∗(L1 ⊗ L−12 ). A triple corresponding to
L := L1,A ⊗ L−12,A is (L,λ, c) := (L1 ⊗ L−12 ,λ1 − λ2, c1 ⊗ c−12 ). Clearly λi is determined
by (4.10.1) (fix u′ and vary v), so λ1 = λ2 and λ = 0. The Fourier expansion for f has
the form f =
∑
u∈M au ⊗ eu, and satisfies the invariance property (3.19.1), which in this
case says
au = t(u
′,u)⊗ c(u′)⊗ T ∗
Φ(u′)au
for all (u′,u) ∈ M ′ × M . Define f ′ = a0 ⊗ e0 ∈ H0(Ean,q∗L). Then f ′ is also a theta
function, and f ′trop is constant by Theorem 4.10(1). Multiplying f
′ by a scalar, we may
assume f ′trop is identically zero. Then h = f / f
′ is a rational function on A such that
htrop = ftrop. 
5.3. Example constructions. Here we give concrete examples of Theorem 5.2. These
are translations of standard constructions into this tropical/non-Archimedean setting.
Lemma 5.4. Let LA be an ample rigidified line bundle on A with associated triple (L,λ, c).
Choose points x1, . . . , xn ∈ E(K) such that
∑n
i=1 x i = 0. Then
⊗n
i=1 T
∗
xi
(L,λ, c) is canoni-
cally isomorphic to (L⊗n,nλ, c⊗n).
Proof. Let ϕ = ϕLA : A → A′, let eϕ : Ean → E′an be the lift to universal covers, and let
yi = p(x i) ∈ A(K) and x ′i = eϕ(x i) ∈ E′(K). Then T ∗xi(L,λ, c) = (Lx ′i ⊗ L,λ, cx ′i ⊗ c),
where Lx ′
i
and cx ′
i
are defined in (3.12). We have
⊗n
i=1 Lx ′i = L
∑
x ′
i
= O since Lx ′
i
is the
translation-invariant line bundle on B corresponding to q′(x ′
i
) ∈ B′(K). Moreover, for
fixed u′ ∈ M ′ we have cx ′
i
(u′) = eu′(x
′
i
) ∈ P
Φ(u′)×B′ = E
′
u′ ; since eu′ is a homomorphism,∑n
i=1 cx ′i
(u′) = 0. 
Definition 5.5. Fix an ample line bundle LA giving rise to a principal polarizationϕLA : A→
A′, and fix a triple (L,λ, c) corresponding to LA. A level-n theta function with respect to
(L,λ, c) is a theta function associated to (L⊗n,nλ, c⊗n).
Proposition 5.6. Fix an ample line bundle LA giving rise to a principal polarizationϕLA : A→
A′, and fix a triple (L,λ, c) corresponding to LA. Let f ∈ H0(Ean,q∗L) be the Riemann theta
function for L. Choose points x1, . . . , xn ∈ E(K) such that
∑n
i=1 x i = 0. Then
⊗n
i=1 T
∗
xi
f is
a level-n theta function. In particular, f ⊗n is a level-n theta function.
This is immediate from Lemma 5.4 and the discussion in (4.11). It follows that h =⊗n
i=1 T
∗
xi
f / f ⊗n is invariant under M ′ and is therefore a rational function on A. By Lem-
ma 4.12, for all v ∈ NR,
(5.6.1) htrop(v) =
n∑
i=1
ftrop(v + vi)− nftrop(v),
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where vi = trop(x i). In particular, there exists a rational function on A whose tropical-
ization is the right side of (5.6.1), where ftrop is the tropical Riemann theta function on
Σ.
5.7. Kummer functions. Certain level-2 theta functions are symmetric with respect to
negation. Thus (5.6.1) will often produce tropically Kummer functions, in the sense of
Definition 2.4. We wish to prove the other direction: given a tropically Kummer function,
we want to construct a rational map which is symmetric with respect to negation.
Let A/(−1) be the quotient in which we identify each pair of points x and −x in A, and
define Σ/(−1) similarly. The former quotient has the structure of an algebraic variety,
called the Kummer variety of A. The quotienting morphism A ։ A/(−1) is called the
Kummer map. See [BL04, §4.8].
Let A′ = A/(−1). The Kummer map induces an injection Σ/(−1) ,→ A′an, and since
the deformation retraction Aan → Σ is canonical, it induces a deformation retraction
A′an → Σ/(−1). We call Σ/(−1) the skeleton of the Kummer variety A′.
Definition 5.8. Let A be an abelian variety over K with skeleton Σ, and let f : A ¹¹Ë Gr
m
be a rational map. We say that f is Kummer if it factors through the Kummer map A։
A/(−1).
Definition 5.8 applies in particular to nonzero rational functions. If f is a rational map
which is Kummer then ftrop is Kummer in the sense of Definition 2.4: that is, it factors
through the quotient Σ→ Σ/(−1), hence defines a function ftrop : Σ/(−1)→ Rr .
Lemma 5.9. Fix an ample line bundle LA giving rise to a principal polarization ϕLA : A→ A′,
and fix a triple (L,λ, c) corresponding to LA. Replacing LA by a translate, we assume that
LA and (L,λ, c) satisfy the conclusions of Proposition 3.25. Let f ∈ H0(Ean,q∗L) be the
Riemann theta function for L, and choose x ∈ E(K). Then the rational function h= T ∗
x
f ⊗
T ∗−x f ⊗ f ⊗−2 of Proposition 5.6 is Kummer.
Proof. By Proposition 3.25, (−1)∗L = L and (−1)∗c = c, so (−1)∗ f is also a theta function
for L. Since f is the only Riemann theta function for L up to scaling, and since (−1) : A→
A fixes the identity, it follows that (−1)∗ f = f . Hence (−1)∗T ∗
x
f = T ∗−x(−1)∗ f = T ∗−x f ,
so (−1)∗h= h. 
In particular, if ftrop is the tropical Riemann theta function for Σ, then there exists a
rational function h on A′ such that
htrop(v) = ftrop(v +w) + ftrop(v −w)− 2 ftrop(v),
where w = trop(x).
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